Abstract: We reformulate ten-dimensional type II supergravity as a generalised geometrical analogue of Einstein gravity, defined by an O(9, 1) × O(1, 9) ⊂ O(10, 10) × R + structure on the generalised tangent space. Using the notion of generalised connection and torsion, we introduce the analogue of the Levi-Civita connection, and derive the corresponding tensorial measures of generalised curvature. We show how, to leading order in the fermion fields, these structures allow one to rewrite the action, equations of motion and supersymmetry variations in a simple, manifestly Spin(9, 1) × Spin(1, 9)-covariant form.
Introduction
Generalised geometry [1, 2] is the study of structures on a generalised tangent space E ≃ T M ⊕T * M . Local diffeomorphism invariance is replaced by a larger group that also includes the gauge transformations of the NSNS two-form B and there is a natural O(d, d) structure on E, forming a Courant algebroid [3] . Since it was first applied to supersymmetric type II backgrounds [4, 5, 6] and string sigma models [7] , it has been clear that it is closely connected to the geometry of supergravity.
In this paper we show that ten-dimensional type IIA and IIB supergravity theories, to leading order in the fermions, can be formulated precisely as generalised geometrical analogues of Einstein gravity. The theory has manifest local Spin(9, 1) × Spin(1, 9) symmetry and admits a natural analogue of the Levi-Civita connection. Remarkably both bosonic and fermionic equations of motion and all the supersymmetry variations take a simple form in terms of this generalised connection. Interestingly, such rewritings in terms of generalised geometry appear not to be restricted to type II theories. In a forthcoming companion paper [8] , we define the corresponding structures in the E d(d) version of generalised geometry [9, 10] relevant to restrictions of eleven-dimensional supergravity to a d-dimensional manifold.
Let us start by briefly summarizing our construction and results. We slightly extend the action on the generalised tangent space to a conformal O(10, 10) × R + structure. The NSNS fields then define an O(9, 1) × O(1, 9) substructure. The RR field strengths F are described by a Spin(10, 10) spinor, while the fermions transform in particular spinor representations of the two Spin(9, 1) groups. The supergravity is described as an analogue of conventional gravity, where O(10, 10) × R + and O(9, 1) × O(1, 9) play the role of the GL(d, R) and O(d) actions of the frame bundle respectively, and the diffeomorphism group is replaced by G NS , an extension by NSNS B-field transformations.
The central object in the construction is the analogue of the Levi-Civita connection, a generalised connection D that is both compatible with the O(9, 1) × O(1, 9) structure and torsion-free in a generalised sense. Interestingly this connection is not unique. However, using the O(9, 1) × O(1, 9) structure one can contract indices to construct unique expressions. Using D, the dynamics and symmetries of the supergravity theories then can be written in a simple Spin(9, 1)× Spin(1, 9) covariant form. For example, the supersymmetry variations of the gravitini and dilatini can be written as
Here ± and a andā refer to spinors and vector indices respectively of the two Spin(9, 1) groups while F # denotes the RR fields viewed as a Spin(9, 1)×Spin (1, 9) bispinor. Similarly the bosonic equations of motion can be written as discuss the patching of the NSNS B-field and the symmetry algebra of the NSNS sector, both of which are reflected in the generalised geometry. Sections 3 and 4 introduce that key concepts of generalised geometry that we will use and show that one can always construct a torsion-free, O(p, q) × O(q, p)-compatible generalised connection D, the analogue of the Levi-Civita connection in Riemannian geometry. In section 5 we then rewrite the type II action, supersymmetry variations and equations of motion using these new geometrical constructions. We conclude with some summary and discussion in section 6.
Type II supergravity
Let us briefly recall the structure of d = 10 type II supergravity. We essentially follow the conventions of the democratic formalism [38] , as summarised in appendix A, and consider only the leading-order fermionic terms. We introduce a slightly unconventional notation in a few places in order to match more naturally with the underlying generalised geometry. It is also helpful to considerably rewrite the fermionic sector, introducing a particular linear combination of dilatini and gravitini, to match more closely what follows.
Degrees of freedom, equations of motion and supersymmetry
The type II fields are denoted
where g µν is the metric, B µν the two-form potential, φ is the dilaton and A (n) µ 1 ...µn are the RR potentials in the democratic formalism, with n odd for type IIA and n even for type IIB. In each theory there is also a pair of chiral gravitini ψ ± µ and a pair chiral dilatini λ ± . Here our notation is that ± does not refer to the chirality of the spinor but, as we will see, denote generalised geometrical subspaces. Specifically, in the notation of [38] , for type IIA they are the chiral components of the gravitino and dilatino
(Note that ψ + µ and λ + , and similarly ψ − µ and λ − , have opposite chiralities.) For type IIB, in the notation of [38] one has two component objects
and again the gravitini and dilatini have opposite chiralities. In what follows, it will be very useful to consider the quantities
instead of λ ± . These are the natural combinations that appear in generalised geometry and from now on we will use ρ ± rather than λ ± . The bosonic "pseudo-action" takes the form
where H = dB and F
(n) is the n-form RR field strength. Here we will use the "A-basis", where the field strengths, as sums of even or odd forms, take the form 2 6) where e B = 1 + B + 1 2 B ∧ B + . . . . This is a "pseudo-action" because the RR fields satisfy a self-duality relation that does not follow from varying the action, namely,
where [n] denotes the integer part and * ω denotes the Hodge dual of ω. The fermionic action, keeping only terms quadratic in the fermions, can be written after some manipulation as
where ∇ is the Levi-Civita connection.
To match what follows it is useful to rewrite the standard equations of motion in a particular form. For the bosonic fields, with the fermions set to zero, one takes the combinations that naturally arises from the string β-functions, namely 9) where the final Bianchi identity for F follows from the definition (2.6). Keeping only terms linear in the fermions, the fermionic equations of motion read
10)
The supersymmetry variations are parametrised by are pair of chiral spinors ǫ ± where, again, in the notation of [38] , for type IIA, we have
while for type IIB we have the doublet
Again keeping only linear terms in the fermions field, the supersymmetry transformations for the bosons read 13) where e µ is an orthonormal frame for g µν and in the last equation the upper sign refers to type IIA and the lower to type IIB. For the fermions one has
(2.14)
Bosonic symmetries
It is useful to recall the symmetries of the NSNS bosonic sector since these will be reflected in the generalised geometry. The potential B is only locally defined, so that, given an open cover {U i }, across coordinate patches U i ∩ U j it can be patched via
Furthermore the one-forms Λ (ij) satisfy
This makes B a "connection structure on a gerbe" [39] 3 . There is a similar patching for the sum of the RR potentials A. We are using the "A-basis", so, given the field strengths (2.6) are globally defined we have, as a sum of forms 4 , 17) whereΛ (ij) is a sum of even or odd forms in type IIA and type IIB respectively. Focusing on the NSNS sector symmetry algebra we see that, in addition to diffeomorphism invariance, we have the local bosonic gauge symmetry 18) where the choice of sign in the gauge transformation is to match the generalised geometry conventions that follow. Given the patching of B, the only requirement is dλ
is equivalent to specifying a closed two-form. The set of gauge symmetries is then the Abelian group of closed two-forms under addition Ω 2 cl (M ). The gauge transformations do not commute with the diffeomorphisms so the NSNS bosonic symmetry group G NS has a fibred structure 19) sometimes written as the semi-direct product Diff(M ) ⋉ Ω 2 cl (M ). One can see this structure infinitesimally by combining the diffeomorphism and gauge symmetries, given a vector v and one-form λ (i) , into a general variation 20) where the patching (2.15) of B implies that
Recall that λ (i) and λ (i) + dφ (i) define the same gauge transformation. One can use this ambiguity to integrate (2.21) and set
We would like to define the generalised geometric analogues of each of the ingredients in the construction of the Levi-Civita connection 5 . In this section we review the generalisations 3 In supergravity, there is no requirement that the flux H is quantised. However, string theory implies the cohomological condition H/(8π 2 α ′ ) ∈ H 3 (M, Z) (up to torsion terms). This can be implemented in the gerbe structure by requiring g ijk = exp(4πα ′ iΛ (ijk) ) satisfy the cocycle condition g jkl g
We will not consider this further restriction in the following. 4 Note here i and j refer to the patch not the degree of the form. 5 These ingredients are reviewed in appendix B.
of the frame bundle, the Lie derivative, connections, torsion and curvature. In the following section we discuss the notion of a generalised metric and the analogue of the Levi-Civita connection. One way to view generalised geometry is as a formalism for "geometrising" the bosonic structures that appear in supergravity. In the context of the NSNS sector this means first combining the symmetry algebra of diffeomorphisms and B-field gauge transformations into an algebra of "generalised" Lie derivatives. This structure is known as an "exact Courant algebroid" in the mathematics literature [3, 34] and, on a d-dimensional manifold, defines a bundle with a natural O(d, d) action. Combining g, B and φ into a single geometrical object and introduces an additional refinement of the structure, defining a generalised geometry [1, 2] . The only slight, though important, extension we will require here is to promote the
Generalised structure bundle
We start by recalling the generalised tangent space and defining what we will call the "generalised structure" which is the analogue of the frame bundle F in conventional geometry.
Let M be a d-dimensional spin manifold. In line with the patching of the transformation parameters (2.22), one starts by defining the generalised tangent space E. It is defined as an extension of the tangent space by the cotangent space
which depends on the patching one-forms
is a section of E over the patch U i , then
on the overlap U i ∩ U j . Hence as defined, while the v (i) globally are equivalent to a choice of vector, the λ (i) do not globally define a one-form. E is in fact isomorphic to T M ⊕ T * M though there is no canonical isomorphism. Instead one must choose a splitting of the sequence (3.1) as discussed below. Crucially the definition of E is consistent with an
In order to describe the dilaton correctly we will actually need to consider a slight generalisation of E. We define the bundleẼ weighted by det T * M so that
The point is that, given the metric (3.3), one can now define a natural principle bundle with fibre O(d, d) × R + in terms of bases ofẼ. We define a conformal basis {Ê A } with A = 1, . . . 2d onẼ x as one satisfying
That is {Ê A } is orthonormal up to a frame-dependent conformal factor Φ ∈ det T * M . We then define the generalised structure bundlẽ 
where
The topology ofF encodes both the topology of the tangent bundle T M and of the B-field gerbe. Given the definition (3.1) there is one natural conformal basis defined by the choice of coordinates on M , namely
we will sometime denote the components of V in this frame by an index M such that
Generalised tensors and spinors and split frames
Generalised tensors are simply sections of vector bundles constructed from different repre-
) metric gives an isomorphism between E and E * , one has the bundle
for a general tensor of weight p.
can be realised on each coordinate patch U i by identifying spinors with weighted sums of forms
with the Clifford action
The patching (3.2) then implies
Projecting onto the chiral spinors then defines two Spin(d, d) spinor bundles, isomorphic to weighted sums of odd or even forms 
Note that there is a natural Spin(d, d) invariant bilinear on these spinor spaces given by the Mukai pairing [1, 2] .
where Ψ (n) and Ψ ′(n) are the local weighted n-form components.
A special class of conformal frames are those defined by a splitting of the generalised tangent space E. A splitting is a map T M → E. It is equivalent to specifying a local two-form B patched as in (2.15) and defines an isomorphism E ≃ T M ⊕ T * M . If {ê a } is a generic basis for T M and {e a } be the dual basis on T * M , one can then define what we call a split frame {Ê A } forẼ bŷ
We immediately see that 16) and hence the basis is conformal. Writing V = v aÊ a + λ a E a ∈ Γ(Ẽ) we have 17) demonstrating that the splitting defines an isomorphismẼ
The class of split frames defines a sub-bundle ofF . Such frames are related by transformations (3.7) where M takes the form
ω ab e a ∧ e b transforms B → B ′ = B + ω, where ω must be closed for B ′ to be a splitting. This defines a parabolic subgroup
) × R + and hence the set of all frames of the form (3.15) defines a G split principle sub-bundle ofF , that is a G splitstructure. This reflects the fact that the patching elements in the definition ofẼ lie only in this subgroup of
In what follows it will be useful to also define a class of conformal split frames given by the set of split bases conformally rescaled by a function φ so that
thus defining a G split × R + sub-bundle ofF . In complete analogy with the split case, the components of V ∈ Γ(Ẽ) in the conformally split frame are related to those in the coordinate basis by
We can similarly write the components of generalised spinors in different frames. The relation between the coordinate and split frames implies that if Ψ (B) a 1 ...an are the polyform components of Ψ ∈ Γ(S ± (p) ) in the split frame then
In the conformal split frame one similarly has
The Dorfman derivative, Courant bracket and exterior derivative
An important property of the generalised tangent space is that it admits a generalisation of the Lie derivative which encodes the bosonic symmetries of the NSNS sector of type II supergravity. Given V = v + λ ∈ Γ(E), one can define an operator L V acting on any generalised tensor, which combines the action of an infinitesimal diffeomorphisms generated by v and a B-field gauge transformations generated by λ.
, we define the Dorfman derivative 6 or "generalised Lie derivative" as [40] 
where, since w and ζ are weighted tensors, the action of the Lie derivative is
Defining the action on a function f as simply L V f = L v f , one can then extend the notion of Dorfman derivative to any O(d, d) × R + tensor using the Leibniz property. To see this explicitly it is useful to note that we can rewrite (3.23) in a more O(d, d)×R + covariant way, in analogy with (B.4). First note that one can embed the action of the partial derivative operator into generalised geometry using the map T * M → E. In coordinate indices, as viewed as mapping to a section of E * , one defines
One can then rewrite (3.23) in terms of generalised objects (as in [14, 15, 20] ) 27) where a µ ν = ∂ ν v µ and ω µν = ∂ µ λ ν − ∂ ν λ µ . Comparing with (3.18), we see that m in fact acts in the Lie algebra of the
This form can then be naturally extended to an arbitrary 28) again in analogy with (B.4). It similarly extends to generalised spinors Ψ ∈ S ± (p) as (see also [46] )
. Note that when W ∈ E one can also define the antisymmetrisation of the Dorfman derivative
which is know as the Courant bracket [2, 42] . It can be rewritten in an
which follows directly from (3.26). Finally note that since S 32) that is, it is simply the exterior derivative of the component p-forms. The Dorfman derivative and Courant bracket can then be regarded as derived brackets for this exterior derivative [42] .
Generalised O(d, d) × R + connections and torsion
We now turn to the definitions of generalised connections, torsion and the possibility of defining a generalised curvature. The notion of connection on a Courant algebroid was first introduced by Alekseev and Xu [35, 34] and Gualtieri [37] , as well as Ellwood [36] . At least locally, it is also essentially equivalent to the connections defined by Siegel [14, 15] and discussed in doubled field theory [22, 23] .
Our definitions will follow closely those in [35, 36, 37] though, in connecting to supergravity, it is important to extend the definitions to include the R + factor in the generalised structure bundle.
Generalised connections
Here we will specifically be interested in those generalised connections that are compatible with the O(d, d) × R + structure. Following [35, 37] we can define a first-order linear differential operator D, such that, given W ∈Ẽ, in frame indices, 34) where Λ is the R + part of the connection and Ω the O(d, d) part, so that we have
The action of D then extends naturally to any generalised tensor. In particular, if α ∈ Γ(E ⊗n (p) ) we have
Given a conventional connection ∇ and a conformal split frame of the form (3.19), one can construct the corresponding generalised connection as follows. Writing a generalised vector W ∈ Γ(Ẽ) as
and so we can define ∇ µ w a and ∇ µ ζ a . The generalised connection defined by ∇ lifted to an action onẼ by the conformal split frame is then simply
Generalised torsion
We define the generalised torsion T of a generalised connection D in direct analogy to the conventional definition (B.8). Let α be any generalised tensor and L D V α be the Dorfman derivative (3.28) with ∂ replaced by D. The generalised torsion is a linear map T :
for any V ∈ Γ(E) and where T (V ) acts via the adjoint representation on α. This definition is close to that of [37] , except for the additional R + action in the definition of L.
Viewed as a tensor T ∈ Γ(E ⊗ adF ), with indices such that T (V ) M N = V P T M P N , we can derive an explicit expression for T . Let {Ê A } be a general conformal basis with Ê A ,Ê B = Φ 2 η AB . Then {Φ −1Ê A } is an orthonormal basis for E. Given the connection
A B W B and we have
where indices are lowered with η AB . Naively one might expect that T ∈ Γ((E ⊗ Λ 2 E) ⊕ E). However the form of the Dorfman derivative means that fewer components ofΩ actually enter the torsion and
This can be seen most easily in the coordinate basis where the two components are
An immediate consequence of this definition is that for Ψ ∈ Γ(S ± (1/2) ) the Dirac operator Γ M D M Ψ is determined by the torsion of the connection
This equation could equally well be used as a definition of the torsion of a generalised connection. Note in particular that if the connection is torsion-free we see that the Dirac operator becomes equal to the exterior derivative
As an example, we can calculate the torsion for the generalised connection D ∇ defined in (3.39) . In general we have
where here
and
where H = dB. If the conventional connection ∇ is torsion-free, the corresponding generalised torsion is given by
where we are using the embedding 7 T * M → E (and the corresponding T * M → Λ 3 E) to write the expressions in terms of forms. This result is most easily seen by takingê a to be the coordinate frame, so that all but the H and dφ terms in (3.48) and (3.49) vanish.
The absence of generalised curvature
Having defined torsion it is natural to ask if one can also introduce a notion of generalised curvature in analogy to the usual definition (B.9), as the commutator of two generalised connections but now using the Courant bracket (3.30) rather than the Lie bracket
However, this object is non-tensorial [37] . We can check for linearity in the arguments explicitly. Taking U → f U , V → gV and W → hW for some scalar functions f, g, h, we
and so the curvature is not linear in U and V . Nonetheless, if there is additional structure, as will be relevant for supergravity, we are able to define other tensorial objects that are measures of generalised curvature. In particular, let C 1 ⊂ E and C 2 ⊂ E be subspaces such that U, V = 0 for all U ∈ Γ(C 1 ) and V ∈ Γ(C 2 ). For such a U and V the final term in (3.52) vanishes, and so R ∈ Γ((
is a tensor. A special example of this is when C 1 = C 2 is a null subspace of E.
O(p, q) × O(q, p) structures and torsion-free connections
We now turn to constructing the generalised analogue of the Levi-Civita connection. The latter is the unique torsion-free connection that preserves the O(d) ⊂ GL(d, R) structure defined by a metric g. Here we will be interested in generalised connections that preserve an O(p, q) × O(q, p) ⊂ O(d, d) × R + structure onF , where p + q = d. We will find that, in analogy to the Levi-Civita connection, it is always possible to construct torsion-free connections of this type but there is no unique choice. Following closely the standard definition of the generalised metric [2] , consider an O(p, q) × O(q, p) principle sub-bundle P of the generalised structure bundleF . As discussed below, this is equivalent to specifying a conventional metric g of signature (p, q), a B-field patched as in (2.15) and a dilaton φ. As such it clearly gives the appropriate generalised structure to capture the NSNS supergravity fields. Geometrically, an O(p, q) × O(q, p) structure does two things. First it fixes a nowhere vanishing section Φ ∈ Γ(det T
3) restricts to a separate metric of signature (p, q) on C + and a metric of signature (q, p) on C − . (Each sub-bundle is also isomorphic to T M using the map E → T M .) In terms ofF we can identify a special set of frames defining a O(p, q) × O(p, q) subbundle. We define a frame {Ê + a } ∪ {Ê − a } such that {Ê + a } form an orthonormal basis for C + and {Ê − a } form an orthonormal basis for C − . This means they satisfy
where Φ ∈ Γ(det T * M ) is now some fixed density (independent of the particular frame element) and η ab and ηāb are flat metrics with signature (p, q). There is thus a manifest O(p, q) × O(q, p) symmetry with the first factor acting onÊ + a and the second onÊ − a . Note that the natural conformal framê
where the form of η AB differs from that used in (3.5). In this section, we will use this form of the metric η AB throughout. It is also important to note that we will adopt the convention that we will always raise and lower the C + indices a, b, c, . . . with η ab and the C − indicesā,b,c, . . . with ηāb, while we continue to raise and lower 2d dimensional indices A, B, C, . . . with the O(d, d) metric η AB . Thus, for example we havê
when we raise the A index on the frame.
One can write a generic O(p, q) × O(q, p) structure explicitly aŝ 6) where the fixed conformal factor in (4.2) is given by
and where {ê + a } and {ê − a }, and their duals {e +a } and {e −ā }, are two independent orthonormal frames for the metric g, so that
By this explicit construction we see that there is no topological obstruction to the existence of O(p, q) × O(q, p) structures. In addition to the O(p, q) × O(q, p) invariant density (4.7) one can also construct the invariant generalised metric G [2] . It has the form
In the coordinate frame we have the familiar expression 
Using that, in the split frame, the Clifford action takes the form
these can be evaluated on the weighted n-form components of Ψ as 
so that Γ (−) is a preimage of G in the double covering map
Torsion-free, compatible connections
A generalised connection D is compatible with the O(p, q) × O(q, p) structure P ⊂F if 15) or equivalently, if the derivative acts only in the O(p, q) × O(q, p) sub-bundle so that for W ∈ Γ(Ẽ) given by
we have
with
In this subsection we will show, in analogy to the construction of the Levi-Civita connection, that
Given an O(p, q) × O(q, p) structure P ⊂F there always exists a torsion-free, compatible generalised connection D. However, it is not unique.
We can construct a compatible connection as follows. Let ∇ be the Levi-Civita connection for the metric g. In terms of the two orthonormal bases we get two gauge equivalent spin-connections, so that if v = v aê+ a = vāê − a ∈ Γ(T M ) we have
We can then define, as in (3.39) However D ∇ is not torsion-free. To see this we note that, comparing with (3.19), when we choose the two orthonormal frames to be aligned so e + a = e − a = e a we have 21) and the two definitions of D ∇ in (3.39) and (4.20) agree. Hence from (3.50) we have the non-zero torsion components
To construct a torsion-free compatible connection we simply modify D ∇ . A generic generalised connection D can be always be written as By definition, the generalised torsion components of D are then given by
The components H ABC and dφ A are the components in frame indices of the corresponding forms under the embeddings T * M ֒→ E and Λ 3 T * M ֒→ Λ 3 E. Given
we have, for instance,
where there is a similar decomposition of H under
Note also that the middle index on Σ [ABC] in equation (4.25) has also been lowered with this η AB which introduces some signs. The result is that the components are and hence do not contribute to the torsion.
Unique operators and generalised O(p, q) × O(q, p) curvatures
The fact that the O(p, q) × O(q, p) structure and torsion conditions are not sufficient to specify a unique generalised connection might raise ambiguities which could pose a problem for the applications to supergravity we are ultimately interested in. However, we will now show that it is still possible to find differential expressions that are independent of the chosen D, by forming O(p, q) × O(q, p) covariant operators which do not depend on the undetermined components A ± . For example, by examining (4.31) we already see that
have no dependence on A ± and so are unique. We find that this is also true for
(4.34)
Anticipating our application to supergravity, we will be especially interested in writing formulae for Spin(p, q) spinors, so let us now assume that we have a Spin(p, q) × Spin(q, p) structure. If S(C ± ) are then the spinor bundles associated to the sub-bundles C ± , γ a and γā the corresponding gamma matrices and ǫ ± ∈ Γ(S(C ± )), we have that by definition a generalised connection acts as
There are four operators which can be built out of these derivatives that are uniquely determined
The first two expressions follow directly from (4.33). In the final two expressions, there is an elegant cancellation from γ a γ bc = γ abc +η ab γ c −η ac γ b which removes the terms involving A ± . The restriction that expressions involving generalised connections be determined unambiguously, irrespective of the particular D, now serves as a selection criteria for constructing new generalised objects. In particular, when defining a generalised notion of curvature, we find that even though we can actually build a tensorial O(p, q) × O(q, p) generalised Riemman curvature -by following the example in section 3.4.3 and taking C 1 = C ± and C 2 = C ∓ so that the index structure would be R c ab d
, Rc abd and R c ab d , Rc abd -it would not result in a uniquely determined object. However, we can use combinations of (4.33) and (4.34) to define the corresponding generalised Ricci tensor as 37) or as 8
Note that the index contractions are precisely what is needed to guarantee uniqueness. It is not possible to contract the remaining two indices in the generalised Ricci. Nonetheless, there does exist a notion of generalised scalar curvature, but to define it we need the help of spinors and the operators in (4.36). We can obtain the generalised Ricci again from either
However, now we also find a generalised curvature scalar 40) or alternatively, −
Again, note the need to use the correct combinations of the operators in these definitions so that all the undetermined components drop out. The fact that S is indeed a scalar and not itself an operator might not be immediately apparent, so it is useful to work out the explicit form of these curvatures. This can be done by again choosing the two orthogonal frames to be aligned, e + a = e − a , to find 42) and for the scalar
From these expressions it is clear that we have obtained genuine tensors which are uniquely determined by the torsion conditions, as desired. Furthermore, comparing with [14, 15, 22] we see that locally these are the same tensors that have appeared in Siegel's formulation.
Type II supergravity as O(9, 1) × O(1, 9) generalised gravity
Having established the necessary elements of generalised geometry we need, let us now show how the dynamics and supersymmetry transformations of type II supergravity theories are encoded by an O(9, 1) × O(1, 9) structure with a compatible, torsion-free generalised connection. An outcome of this will be a formulation of type II supergravity with manifest local O(9, 1) × O(1, 9) symmetry. In the following we will consider the full ten-dimensional supergraviy theory so that the relevant generalised structure is O(10, 10)×R + . However, one can equally well consider compactifications of theory of the form 
Below we will focus on the O(10, 10) × R + case. The compactification case follows essentially identically.
NSNS and fermionic supergravity fields
From the discussion of section 4.1 we see that an O(9, 1) × O(1, 9) ⊂ O(10, 10) × R + generalised structure is parameterised by a metric g of signature (9, 1), a two-form B patched as in (2.15) and a dilaton φ, that is, at each point
Thus it precisely captures the NSNS bosonic fields of type II theories by packaging them into the generalised metric and conformal factor (G, Φ). As in [40] , the infinitesimal bosonic symmetry transformation (2.20) is naturally encoded as the Dorfman derivative by
and the algebra of these transformations is given by the Courant bracket. The type II fermionic degrees of freedom fall into spinor and vector-spinor representations of Spin(9, 1)×Spin(1, 9) 9 . Let S(C + ) and S(C − ) denote the Spin(9, 1) spinor bundles associated to the sub-bundles C ± write γ a and γā for the corresponding gamma matrices. Since we are in ten dimensions, we can further decompose into spinor bundles S ± (C + ) and S ± (C − ) of definite chirality under γ (10) . The gravitino degrees of freedom then correspond to
where the upper sign on the chirality refers to type IIA and the lower to type IIB. Note that the vector and spinor parts of the gravitinos transform under different Spin(9, 1) groups. For the dilatino degrees of freedom one has
where again the upper and lower signs refer to IIA and IIB respectively. Similarly the supersymmetry parameters are sections
In terms of the string spectrum these gravitino and dilatino representations just correspond to the explicit left-and right-moving fermionic states of the superstring and, in a supergravity context were discussed, for example, in [44] .
RR fields
As is known from studying the action of T-duality, the RR field strengths transform as Spin(10, 10) spinors [44, 45, 27, 28] . Here, the patching (2.17) of A (i) on U i ∩ U j implies that the polyform F (i) = dA (i) is patched as in (3.12), and hence, as generalised spinors,
where the upper sign is for type IIA and the lower for type IIB. Furthermore, we see that the RR field strengths F
(n) that appear in the supergravity (2.6) are simply F expressed in a split frame as in (3.21)
Note that the additional gauge transformations dΛ in (2.17) imply that A (i) does not globally define a section of S ± (1/2) . "Geometrising" this additional gauge symmetry is the subject of E d(d) generalised geometry [8] . Since A (i) is still locally a generalised spinor on the patch U i we can perform the same operations on it as we do on F in the remainder of this subsection.
Given the generalised metric structure, we can also write F in terms of Spin(9, 1) × Spin(1, 9) representations. One has the decomposition Cliff(10, 10; R) ≃ Cliff(9, 1; R) ⊗ Cliff(1, 9; R) with
and hence we can identify 10
Using the spinor norm on S(C − ) we can equally well view F ∈ S (1/2) as a map from section of S(C − ) to sections of S(C + ). We denote the image under this isomorphism as
We have that F ∈ Γ(S(C + ) ⊗ S(C − )) naturally has spin indices F αᾱ , while F # naturally has indices F αᾱ . The isomorphism simply corresponds to lowering an index with the Cliff(9, 1; R) intertwiner Cᾱβ. The conjugate map,
, is given by 12) which corresponds to lowering the other index on F αᾱ and taking the transpose. We now give the relations between the components of the Spin(d, d) × R + spinor in all relevant frames. Note first that if the bases are aligned so that e + = e − = e then the Spin(9, 1) × Spin(1, 9) basis (4.6) is a split conformal basis and we have a Spin(9, 1) ⊂ 10 In fact S (p) ≃ S(C+) ⊗ S(C−) for any p, but here we focus on the case of interest p = 1 2 Spin(9, 1)×Spin(1, 9) structure. We can then use the isomorphism Cliff(9, 1; R) ≃ Λ • T * M to write F (B,φ) as a spinor bilinear
More generally if the frames are related by Lorentz transformations e ± a = Λ ±b a e a and we write Λ ± for the corresponding Spin(9, 1) transformations then we can define F # explicitly as 14) which concretely realises the isomorphism between F (B,φ) and F # . This map can easily be inverted and so we can write the components of F ∈ S (1/2) in the coordinate frame as
This chain of equalities relates the components of F in all the frames we have discussed.
Finally, we note that the self-duality conditions satisfied by the RR field strengths F ∈ S ± (1/2) become a chirality condition under the operator Γ (−) defined in (4.11) 16) as discussed in [26, 46] .
Supersymmetry variations
We now show that the supersymmetry variations can be written in a simple, locally Spin(9, 1) × Spin(1, 9) covariant form using the torsion-free compatible connection D.
We start with the fermionic variations (2.14). Looking at the expressions (4.36), we see that the uniquely determined spinor operators allow us to write the supersymmetry variations compactly as δψ
where we have also used the results from the previous section to add the RR field strengths to the gravitino variations.
For the bosonic fields, we need the variation of a generic Spin(9, 1)×Spin(1, 9) frame (4.6). Note that this means defining the variation of a pair of orthonormal bases {e +a } and {e −ā } whereas the conventional supersymmetry variations (2.13) are given in terms of a single basis {e a }. The only possibility, compatible with the Spin(9, 1)× Spin(1, 9) representations of the fermions, is to takeδÊ
Note that the variation of the basis (5.18) is by construction orthogonal to the Spin(9, 1) × Spin(1, 9) action. This is because it is impossible to construct an Spin(9, 1) × Spin(1, 9) tensor linear in ψ 
which both giveδ 22) as required, but, when setting the frames equal so e +a = e a and e −ā = eā, differ by Lorentz transformations from the standard form (2.13)
This can also be expressed in terms of the generalised metric G AB as
The variation of the RR potential A can be written as a bispinor: 25) where the upper sign is for type IIA and the lower for type IIB.
Equations of motion
Finally, we rewrite the supergravity equations of motion (2.9) and (2.10) with local Spin(9, 1)× Spin(1, 9) covariance, using the generalised notions of curvature obtained in section 4.3. From the generalised Ricci tensor (4.42), we find that the equations of motion for g and B can be written as
where we have made use of the Mukai pairing defined in (3.14) 11 to introduce the RR fields in a Spin(9, 1) × Spin(1, 9) covariant manner. The equation of motion for φ does not involve the RR fields, so it is simply given by the generalised scalar curvature (4.43)
(5.27)
Using definition (3.32) and equation (3.46) we can write the equation of motion for the RR fields in the familiar form
where the first equality serves as a reminder that this definition of the exterior derivative is fully covariant under
We also have the bosonic pseudo-action (2.5) which takes the simple form 12 29) using the density Φ. Note that the Mukai pairing is a top-form which can be directly integrated. The fermionic action (2.8) is given by
Varying this with respect to the fermionic fields leads to the generalised geometry version of (2.10): 31) and it is straightforward to verify that by applying a supersymmetry variation (5.17) we recover the bosonic equations of motion (5.26)-(5.28).
We have thus rewritten all the supergravity equations from section 2.1 in terms of torsion free generalised connections and therefore as manifestly covariant under local Spin(9, 1)× Spin(1, 9) transformations.
Conclusions and discussion
Starting with a generalised tangent space with a O(10, 10) × R + structure, we have shown that type II supergravity can be understood as a gravitational theory for a Spin(9, 1) × Spin(1, 9) substructure. It is defined using a torsion-free compatible connection D, in direct analogy to conventional gravity with a Levi-Civita connection. Our reformulation includes the leading fermionic equations of motion and action, and all the supersymmetry variations. The theory has a local Spin(9, 1) × Spin(1, 9) covariance together with an extension of the diffeomorphism group by the B-field gauge transformations. 12 Up to integration by parts of the ∇ 2 φ term As we mentioned in the introduction, both in Siegel's formulation [14, 15] and in doubled field theory [16] , if one requires the action to be gauge invariant, one imposes the condition that on each coordinate patch the fields are independent of half the doubled coordinates. Thus locally, the generalised geometry and doubled field theory descriptions are completely equivalent, and our reformulation also gives the fermionic equations of motion, action and the supersymmetry variations in doubled field theory.
The relation of our formalism to Siegel's is interesting since naively he uses a GL(d, R)× GL(d, R) structure rather than a O(p, q) × O(q, p) structure. However, his GL(d, R) × GL(d, R) connection is also required preserve the O(d, d) metric and the volume measure (Φ in our notation). Thus in fact, the connection is compatible with the common subgroup of O(d, d) × R + and the appropriate embedding of p) . This explains the agreement of our curvature tensors. Similarly the lack of covariance of Siegel's (modified) putative Riemann tensor is a reflection of the non-tensorial nature described in (3.52).
One of the most remarkable properties of the reformulation is that supersymmetry was not used in the construction of the connection D and yet it has precisely the properties necessary for the supersymmetry algebra to close. For instance, from (5.24) and (5.17) we see that the double variation of generalised metric is just a Dorfman derivative L V G, that is simply a diffeomorphism plus gauge transformation, precisely because D is torsion-free. This is strongly suggestive of the fact that the construction has a natural supersymmetric extension.
As will be reported in [8] , similar generalised geometrical constructions, using E d(d) × R + structures, describe eleven-dimensional supergravity restricted to d-dimensional spacetimes. In fact, there is evidence that several pure supergravity theories, in varying dimensions, can be formulated this way. This leads to the question of why there is such a general relationship between supergravity and versions of generalised geometry and which types of structure groups can appear.
There are a number of other directions for which this formulation may prove useful. One is the description of higher-derivative correction terms to the theory, assuming the generalised structure is not broken. Another is the explicit construction of supergravity backgrounds, for instance as spaces with particular special structures on the generalised tangent space. One can also connect this work to that on non-geometrical backgrounds. For example, in [33] the NSNS action is rewritten in terms of a "non-geometrical" flux Q. In the formalism of this paper, this amounts to evaluating S in a different frame from the standard split frame used in (4.43). One takes insteadÊ a = e −2φ (det e)ê a and E a = e −2φ (det e) (e a + βê a ) where β is a bivector β ∈ Γ(Λ 2 T M ). Locally, from a generalised geometrical perspective, these are equivalent. However, given the patching (3.2), the new frame is not, generically, globally defined in a conventional generalised geometry. The suggestion though is that on a non-geometrical background (patched for instance by a T-duality) it may be possible to make some global notion of such a frame.
Perhaps, indeed, the most interesting question is whether there can be any extension of the generalised geometrical picture described here relevant to such exotic string backgrounds. One that moves away from a conventional ten-dimensional manifold, while still retaining "geometrical" notions of, for example, connections and curvatures, as some sensible limit of the full string theory.
which is also commonly written as 
B. Metric structures, torsion and the Levi-Civita connection
In this appendix we briefly review the basic geometry that goes into the construction of the Levi-Civita connection, as context for the corresponding generalised geometrical analogues. Let M be a d-dimensional manifold. We write {ê a } for a basis of the tangent space T x M at x ∈ M and {e a } be the dual basis of T * x M satisfying iê a e b = δ a b . Recall that the frame bundle F is the bundle of all bases {ê a } over M , In general the existence of a G-structure can impose topological conditions on the manifold, since it implies that the tangent space can be patched using only G ⊂ GL(d, R) transition functions. (For example, for even d, if G = GL(d/2, C), the manifold must admit an almost complex structure, while for G = SL(d, R) it must be orientable.) However, for O(d) there is no such restriction. A connection ∇ is compatible with a G-structure P ⊂ E if the corresponding connection of the principle bundle E reduces to a connection on P . This means that, given a basis {ê a } ∈ P , one has a set of connection one-forms ω a b taking values in the adjoint representation of G given by ∇ ∂/∂x µê a = ω µ b aêb .
(B.14)
